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|. Introduction

Recent literature on misspecification tests has focused on tests that are consistent against all alternatives.
For example, Wooldridge (1992), and Lee, Granger and White (1993) develop tests for neglected
nonlinearity using the same theory as Bierens (1990). While these tests have a desirable robustness, there
are serious implementation issues. Bradley and McClelland (1993) (1994), Hong and White (1993),
Stinchcombe and White (1993), Bierens and Ploberger (1994), Whang and Andrews (1993), De Jong and
Bierens (1994), Hong (1993), and Horowitz and Hérdle (1994) all develop new tests based on the

underlying theory of Bierens (1990), and that address these tssues.

To obtain consistency against all misspecifications, these tests necessarily use nonparametric estimators
such as kernel estimators. As a consequence, a smoothing parameter must be selected for each of these
tests. Unfortunately, selection of this parameter affects the finite sample size and power of the statistic

and only Bradley and McClelland (1993) (1994) offer any guidance in its selection in finite samples.

Most of the above tests are not only consistent against all alternatives, they are also in the class of the
uniformly most powerful tests (UPT). The UPT, established in Bradley and McClelland (1993) and
Stinchcombe and White (1992), has as its first moment the expectation of the product of the regression

residual and the conditional expectation of the residual given the regressors. Unfortunately, because the

! Horowitz and Hardle (1994) is mentioned for completeness. However, the test in this paper is not based
on a underlying statistic that is largest under misspecification and consistent against all alternatives. To
remove problems of dimensionality when there is more than one regressor, Hardle and Horowitz use the
misspecified functional form as the argument to the kernel regression function. This feature does not
allow the test to be consistent against all alternatives and therefore is not in the class of tests that we

discuss in this paper.
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conditional expectation of the residual equals zero everywhere in the domain under the null hypothesis,

tests of its correlation with other variables degenerate to a constant.

Attempts to correct this problem fall into two dissimilar categories. Wooldridge (1992) is an example of
the first category in which he places restrictions on the expansion of his series estimator to keep the
statistic from degenerating. In the second category Hong and White prevent degeneration by
standardizing the sample moment of their test at a rate greater tharf rodt-is now widely recognized
that the second category of tests have higher power than the first. What has not been generally
recognized is that this occurs partly because the first solution forces the noncentrality parameter of the

tests to converge to a form that is not the UPT.

In a later paper, Hong (1993) designs a second category test that allows the smoothing parameter to
converge at an “optimal” rate so that the nonparametric estimator achieves the optimal convergence in
terms of the integrated mean square error (IMSE) criterion for second order kernel functions. Although
further reduction of the IMSE is possible through the use of higher order kernels, the use of the second
derivative of the nonparametric components in his test would require extremely messy and tedious

estimation of higher order derivatives.

A final issue that has received little attention involves the type of data sets upon which these tests may be
used. With the exception of De Jong (1991), who extends the Bierens (1990) test to time series data, these
tests are restricted by the common assumptions that all variables are independently and identically

distributed and continuous.

In this paper we establish a new consistent test for misspecification whose non centrality parameter
converges to the UPT under misspecification. Unlike most other tests, it establishes an automatic

mechanism to select the smoothing parameter. By using a cross-validation scheme, the test makes no

2 This is the rate used for the sample moments for parametric statistical tests. See Davidson and

McKinnon (1993) page 112-113.
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demands of the researcher, such as arbitrarily selecting a smoothing parameter. Rather than use either of
the two previous approaches to the degeneracy issue, we employ a bootstrap procedure that uses variation
in the resampling to prevent degeneration of the test statistic. Finally, we show that our test can be applied

to discrete as well as continuous regressors.

II. Notation, Definitions and the Null Hypothesis

Suppose the random vector (y,x,Jy¥ 0 0 and x0O X O O on the probability space @K, ,F), has a
joint probability distribution p(y,x) where the following holds:

E(y[x)= f(x) (2.2)

y =f(x) +¢ (2.2)
wheree [0 [0 is the error of the model. It is clear that|E) = O for all x and E5)=0. In parametric
regression estimation, it is assumed that f(x) falls in a family of known real parametric functi@nsrf(x,
0KxO where® is the parameter space and is a compact subBEt ofVe wish to test that a specific
parameterization of f(x), denoted @, satisfies the null hypothesis:

H,: Pr(E(y|x)=f(xBo))=1 for somedoJO. (2.3)
The alternative hypothesis is that

H, : Pr(E(y|x)=f(xf)) < 1 for all 6000 (2.4)

In general, there are an infinite variety of ways that the alternative hypothesis in (2.4) can hold.

Given a consistent estimator @yrthat varies with sample of size n, which we denot@é,as moment-

based test, or “m-test”, of the null hypothesis in (2.3) can be constructed. These m-tests are based on a
sample of observations fromxX. If the null in (2.3) is true &=6, then using a sample of size n, there

is a moment function:

My YXX x@x M - O* (2.5)

such that:

E(Mu(yi, X, 6, T))=0 (2.6)



Page 5

for all observations i and some parame6grg © and some infinite dimensional nuisance paranteter
in M. A statistical test isonsistentigainst all alternatives if (2.6) does not hold whenever (2.4) is true.
Given this moment function (which we can also write admm)), one may use its sample analog to

construct a test of the form Mnm_V m_ where:

i, =™y m, 6, ft,) @.7)

1=1

~

8, is a consistent estimate of the true value of nuisance parameted 4, is an estimator that
asymptotically converges to the variance g a for some sequencg=d(’), .5 <3< 1. Under certain
regularity conditions (see Newey 1994), tbnverges in distribution to)@(1) that is invariant to the
nuisance parameter Note, however, that these tests still generally require some nonparametric estimate

of

The form of the most powerful moment tests is established in Bradley and McCelland (1993) and
Stinchcombe and White (1992), where it is shown that the test must use a moment function that contains
[f(xi) - f(xi, O)lyi - f(x;, ©)]. The term in the first bracket is the conditional expectation efffx;, 6). To

be consistent against all alternatives, the test must nonparametrically estimate this expectation. Tests of
this type belong to the class of UPTs but vary in aspects of the nonparametric estimator . Ddigng f(
defined by (2.1) and (2.2) above and lettirigdf(be a specific parameterized version gf §ome

examples of adegenerate moment functions that are the components for most UPTs : are listed below.
Min=[f(xi)-f(x;, O)]ly - f(xi, 6)] (2.8a)

min=lyi - f()]° - i - f(xi, ©)] b)

The tests in Wooldridge (1992), Hong and White (1993), Horowitz and Hardle (1994), Zheng (1990), and
Hong (1993) are based on (2.8a). In constrast, Yatchew (1992) and Whang and Andrews (1991) develop

tests based on (2.8b).

The difficulty behind designing a test of this form is that the moment function is necessaeityeaerate
moment functioni.e. m,(6y, T5)=0, under the null. This degeneracy implies that the distribution of the

test statistic converges to a point, making the statistic useless. A more formal definition is as follows:
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Definition 2.1 Let m,: YxXxOx[ - 0" be generated on an i.i.d. sample fronx(X). Suppose that
plim (é-e)zo and that plinp(rt,15) = 0 for some suitable metrgg.,.) and forr M. For each
(6,m 0 © x N assume that n§6,m) is measurable, and is twice Frechet differentiable with respegt to
and twice differentiable with respectflo Let g be a nonstochastic sequencgefal™ : gn2 - o
an! - 0}. Denote m(8,1m)=Emn? gmm(e,ro. The moment function nis a, degeneratat @,) if
i=1
(@  a[m(8m-Tm(6m IP-0
()  a,n’20,m 60
(c) a,om, (ft-1,;6,1m,) [ - O form, ON, 0N

wherefll, is some neighborhood of, [, is the gradient with respect @ andd is the Frechet derivative

operator.

Initially, the tests in the papers listed above attempted to impose restrictions that avoided the degeneracy.
These test are either U-statistics or von Mise statistics, and the restrictions are usually placed on an
expansion of these statistics. Earlier tests such as Wooldridge(1992) are tyipstailylertests in that

they are based on the asymptotic theory of a first order expansiqn Winen using first order testing,

one places limits on the convergence of the bias of the nonparametric estimator so that its variance
converges to zero faster than the bias. This avoids the degeneracy under the null because the smoothing
parameter converges at an adequately slow rate so that the bias is always present and nonzero. In these
tests, we say that the bideminateghe variance. The tests in both Wooldridge (1992) and Yatchew

(1992) are examples of this type: Wooldridge (1992) uses a sequence of non nested alternatives with an
appropriately slow asymptotic growth of the smoothing parameters, while Yatchew (1992) suggests a
sample splitting procedure where one part of the sample is used to calculate the nonparametric estimator
of the conditional expectation and then this estimator is multiplied by the estimated residuals of the other
part of the sample. Although the tests in these papers do not degenerate, there are problems with these

approaches. For example, non-nested testing requires slow convergence of the non parametric estimator,
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sample splitting makes inefficient use of the data, and weighting requires the choice of new arbitrary

parameters.

The major drawback of allowing the bias to dominate the variance is thatdfmis of the form in 2.8a)

then the limit of the actual estimated statistic will not be in the class of UPTs. Although the limit on the
convergence of the bias prevents degeneracy, by construction the presence of the bias of the nonparametric
estimator does not allow the first moment df im (2.7) to converge to the first moment of the UPT.

(See Bierens 1987 for the convergence properties of the kernel regression.).

An alternative approach is that of Hong and White (1993), DeJong and Bierens (1994), and Horowitz and
Hardle (1994), who use the central limit theorems (CLTs) of degenerate U-Statistics (in, for example, de
Jong 1987 and Hall 1984) to exploit the degeneracy of the moment function. Most often, they use a
standardization that is greater than root-n, and established regularity conditions where possible.
Typically, these tests asecond ordetests in that the asymptotic theory is established on the second

order expansion of ythat exploits the first order degeneracy of (b) and (c) in definition (2.1). Instead of
controlling the convergence of the bias of the nonparametric estimator, they control the convergence of
the variance. In these tests, we say that the vardomo@ategshe bias. Unlike the first order tests, these

second order tests do converge to a statistic in the UPT class.

In a variation of this second approach, Hong (1993) imposes the same rate of convergence on both the
variance and the bias. This is a distinct advantage over previous tests because it allows him to use the
“optimal” rate of convergence (in the IMSE sense) for the window width. Unfortunately, Hong's test is
difficult to implement. Because the squared bias and the variance converge at the same rate, the
denominator of his test must contain a variance component as well as a bias component. This bias
component requires the estimation of second derivatives of the nonparametric component of the test so

that if higher order kernels are to be used in order to improve the rate of convergence, messy higher order
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derivatives must then be calculated. Finally, by not allowing the bias to disappear, Hong’s test does not

converge to a UPT.

I1l. A Root-n Consistent Test

Our test is a second order test based on the first type of degenerate moment function in 2.8. Instead of
using a greater than root-n standardization, we use a bootstrap procedure that forces the variance to
dominate the bias by using the sample itself as an additional source of variation. This allows the test to
achieve root-n consistency. Unlike Hong's Test, we can use higher order kernels without changing the
structure of the denominator of the test. Therefore, we can readily use higher order kernels to achieve a
convergence of the window width that produces a lower integrated mean squared error than the Hong test.
Finally, by using a moment function of the form in (2.8a) and allowing the bias to disappear, our test does

converge to an element of the UPT.

We begin with definitions and assumptions about the data generating process (DGP):

Definition 3.1

Letv be an element the class of continuous and r differentiable functionsrRbesupremum Sobolev

Norm ofv is defined as:
”V”s,oo = ma)?)\\ss Su9DZ| D)\V (Z)| !

where D is the differentiation operation with respect to the argument.

Definition 3.2

A Sobolev Space is defined as
w2, (2)={vOc'@Z: ], <=}, s<r.
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Assumption 3.1
(YxX,7,F) is a complete probability space. (a) The stochastic processj( ¥ xX — O+ for i =
1,2,..,n; n=1,2...} is generated from this space, and for eachx),i¢i.i.d. (b) The support of x

x00oK, is compact. (c) sypy Ely[7? [x=x) < co.

The compactness of X is used to avoid boundary issues. This assumption can be bypassed by including a
trimming function on our test. We can also extend our results to martingales or gomixing

variables, but this distracts from the main ideas of this paper.

Throughout the paper, we assume that wheis ifue we can consistently estimate the @LeThis

standard assumption is the next assumption.

Assumption 3.2

(a) Under H, n2[6-8 ] = O(1).

(b) The function f(8) O W.,, ,°.

We also need to impose the following conditions on the kerrigl K(

Assumption (3.3)

K:T- O is a symmetric bounded kernel with compact support, wherg T,1] and K is

differentiable of order s, with the s-order being Lipschitz. Finally, farmf
IK(u)du =1
)

and there exists some t > 2k such that
. . ) k
J'ul'luz'z...q('k K(u)du=0 for|i|:z, i<t
1=
X
Iu”d?...lﬁk K(u)duz 0 for|i]=t
)
Assumption 3.3 allows us to induce the bias to converge to zero more rapidly than the variance so that the

variance of our estimator dominates the bias. We can therefore ignore the calculation of the bias in the
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denominator of our test statistic. Note that we have not mentioned the windowyittibf is the

smoothing parameter in our test.

Below is an example of a kernel that implements assumption (3.3). Wellet kK1 and the K(.) that

satisfies (3.3) has the following form:

K(u) = i k(w) (3.1)

_vAea 30,
k="3 aA()a-vA(vis 1) (3.2)

Thea's are derived as a solution to the following simultaneous system of (1/2)(t-2) equations:
12(t-2)

ZaJE(v"’“”)):éio, 0<i<(1/2(t-2 (3.3)
j=0 '
The kernel in this example is an Epanechnikov kernel, and is the most efficient kernel in the sense that it

minimizes the integrated mean squared error for the kernel regression estimator.

Assumption(3.4)

Let p,(x) be the probability density function (pdf) for the random vector for the continuous variables in x.

Then p(x)OW.; where t is defined in assumption(3.3).

By assuming that the probability density function (pdf) of x is differentiable t times, where t > 2k,
Assumptions (3.3) and (3.4) imposes a convergence rate of the bias that goes to zero more rapidly than the
variance. As in most of the nonparametric literature, the proofs for the reduction in bias involve taking

higher order derivatives for the pdfs of the continuous variables.

As described in the introduction, we use a bootstrap procedure to prevent the degeneration of the test
statistic. To do this we generate for each observation i in a given sgmpleiy 1,...,n, a new random

vector of size n' by sampling with replacement from the set of integers {1,2,..,n}. We denote this random
vector for the ith observation as.NVe then define the cardinal variable S(A) as the number of

occurrences of event A. Therefore,[3Yj) is the number of times j occurs in the random vectorie
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random vectors NN, ...N, along with the operator Sare the components of the bootstrapping process.

To prevent degeneration, we make the following assumption:

Assumption (3.5)

n'=O(n’5’2ynk’2 )

This assumption establishes the relationship between the cardinalitynoféhd the size of the sample,

n. The rate of increase of n’ guarantees that our statisti&(l$ Ky offsetting the rate the underlying

moment of our test converges to zero when based on a kernel regression using the smoothing parameter,

Y, - The assumptions of the convergencg @ire as follows:

Assumption (3.6)

The window widthy, satisfies:

@y, -0

(b) my3 —oo

(C) n/n2t+k/2 0.

Assumption (3.6a) is a standard window width assumption for kernel regressions. Assumption (3.6b)
ensures that the probability limit of the variance estimator of our underlying test is invariant to the
underlying nuisance parameters. It is also important in terms establishing the essential condition for
Hall's (1984) CLT for degenerate statistics. Finally, assumptions (3.6¢) along with (3.5) allow us to
construct a test such undeg,Hthe bias disappears in the asymptotic distribution. Thus assumptions (3.5)

and (3.6) are essential ingredients for our test to converge to a UPT.

Given the above assumptions, we can now describe the major components of our test. The moment

function of interest is

Min =pOOf(xi) - F(xi, B)Ilyi - f(xi, 6)] (3.4)
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Our test is then based on estimating (3.4) with:

(3.5)
th, = S [, () = By (6)f(x,8,)1l; —f(xi, 8,)]

1=1

where we use a "bootstrapped" Nadaraya-Watson kernel estimator for:
: —[a -1n . PPN
fo ) =[Py O)] Y 1 Vi STON)K, (= %) if p, # 0 (3.6)

N len o
Pn(Xi) = n ijls(l ON)K,(X; =)

P06) = DO ()

The estimatof (§x) is the kernel estimator for the product of the bootstrap indicator times the probability
density of x. The function ,L(x-xj) =y K(y n'l[x-xj]), wherey, is the window width of the kernel

regression estimator. The parametric estimator of the conditional expectation is denoteéb SHigR,

the only component that is estimated is the parameter \@&ctor

The only remaining detail is an assumption that establishes an automatic mechanism to select the window

width.

Assumption (3.7)

Leto ={0,,,..0,} whereo,, is the sample standard deviation of the ith element in the random vector. x
Assume that the kernel functior,K)l automatically standardizes each element in x by dividing by its

counterpart ird.

Define R to be a set of int(log(n)) points equally spaced between .025 and 4yn1imén,5 whered

satisfies the restrictions in assumption (3.6) and
. n A
¢ =argmin —f_(x,0))?,
rgmins o ~fi0x, )

wheref_i(xi ,C) is the kernel regression that omits the ith observation and uses the windown\/ﬁdtﬁ.

The residuals from the cross validation of assumption (3.7) are:
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&*=y; - %-i(xin*) (3.7)
i KDXI _Xj O

. o Y% e

f(x;,c)=-

The purpose of assumption (3.7) is to allow finite sample power improvements while still ensuring that m
will have a zero expectation under the null. We cannot do an unconstrained cross validation because this
would force the rate of convergenceypfo violate assumption (3.6). The bounds of R must be O(1) so

that we can maintain the necessary convergence of the kernel. When assumption (3.7) is combined with
the bounds on T in assumption (3.3), the kernel is allowed to move from the point where positive weight
is given to differences ini->x<j that are 8(ﬁ) sample standard deviations apart to the point where there are
.05(rP) sample standard deviations apart. Notice th&t-8r5-f = O(1)-R. Any other points of xx;

that are greater than Si)nsample standard deviations are not weighted. This addresses the problems of
higher bias at the boundary that is discussed in Hardle (1990) pages 130-132, since no oq{kpwjlbf X

be used.

Our test statistic is :

M, =V, "*n[h, -R,] (3.8)
where

R, = V;*K(0)%, (3.9)
£=1/ nél SN §* (3.10)
Vo =4C(KINZS S glE*7 8% Ko (x; = x))] (3.11)
C(K) = IKz(u)du (3.12)
& = yi - Ta(x) (3.13)

Nothing in this test is left for the researcher to decide. The simple cross validation mechanism is

conducted over a compact finite set who boundary asymptotically approaches fixed values.
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IV. Asymptotic Properties of the Test

As we noted in section lll, the test as delineated in (3.8) is based on a degenerate statistic. We use the
CLTs from Hall (1984) and DeJong (1987) to prove the asymptotic normality of (3.8). Unlike, Hong and
White (1993), we do not increase the variance by over standardizing, but instead use a bootstrap
procedure. The random variablg,ms the basis for our test and is linearga{p(x;f(x;), p(x)}. This

linearity simplifies the asymptotic proofs. The moment function in equation (3.1) is degenerate under the
null of correct specification, i.e., whérequals the true vall®. The sample estimate for (3.1) is (3.3),

where(x;) andp(x;) are used to estimatgx;) and p(x;).

We now establish a lemma that justifies the use of the bootstrapping, and that characterizes the limiting

distribution of our statistic.

Lemma 4.1

Suppose Assumptions 3.1, 3.5, and 3.6 hold.cloetme from a zero mean distribution with finite

variance. Let

R
Wo =03 3 Wa . 4.1)
W, =& S(JUN)K, (% =% ),
& =Y, —E(yI%)
Define
V, = 2c(K)E(04(x)p(x)), (4.2)
where

C(K) =IK2(u)du.
Then

V;¥2n(W, - EW,) [T — N(0,1) .
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The bootstrap procedure adds enough additional variation so that even thoisghadéd on a
degenerate statistic without the bootstrap, itg&pwith the bootstrap. We use the Hall (1984) CLT for

degenerate U-Statistics in order to prove asymptotic normality.

We next develop a heteroskedastic consistent estimatog.for V

Lemma 4.2
Given assumption 3.1 with=2, while assumptions 3.2, 3.3, and 3.5 also hold.

Then,\7n =Vo =0,().

With Lemma 4.1 and 4.2, we can prove that the distribution of our statistic converges to a standard
normal distribution under the null hypothesis..

Theorem 4.1
Suppose assumptions 3.1 through 3.7, then

M, If = N(0,2)

under H .

We now focus on the distribution of Minder global and local alternative hypotheses. We define a

sequence klunder the local alternative H

H.,.

E(y[x) =H, (x,8)= f(x,80)+m2, A (x) (4.3)
whereA (x) is a sequence of uniformly bounded functions that converges uniformly to a limit function
A(x). This is different from W? convergence between the true and alternative under the parametric

alternatives of an m-test as outlined in Newey (1985).

We need to make additional assumptions in deriving the local asymptotic power of our test.

Assumption (3.8)
Let® be an estimator fdd, in (4.3). There is @ such that the following holds

[6-"6]= 0™
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and

(80 6] = Oy "

Assumption (3.9)
The random variable, u, in (2.) has finite fourth moments.

Theorem 4.2
Let assumptions (3.1) to (3.9) hold. Define

A (x) = A(x) - E(9f(x, 0) / 90)B
B = plim nt/2y k4 (g g

Under the sequence of local alternative models in (4, 3% Msymptotically distributed as p¥ ) where

sz[A* (x)]. Under H, for any nonstochastic sequence, f€o(ry, k/2)}
& h

AM,>C] 1.

From Theorem 4.2, we can conclude thathds power against alternatives whose distance fromm H
O(n‘l’zyn'k"‘). Notice thayt equals plim E([yf(x;,8:)][f(x:)-f(x:,0,)]) which is exactly the first moment of

the UPT. However, there is a curse of dimensionality. As more regressors are added the order of local
alternatives that can be detected become slower. This problem can be readily improved by using higher
order kernels, and the rate of convergence can be made arbitrarily closetomlike Hong (1993),

using higher-order kernels is straightforward.

In many applications there are discrete right hand side variables. We now relax our assumptions to
include both discrete and continuous right hand side variables. Let x be partitioned,xafavhere x
are the k continuous variables and are the kdiscrete variables where kgtk,. We now add the

following assumptions.
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Assumption 3.9

The kernel K(.,.){1*'x0** _. 0 is chosen such that for,z, element]*'x[1*?

(a) K(z,0) satisfies all the assumptions of (3.3) in terms;0f z

(b)s/n  Sup [K(z,2,)dz 0 forallr >0
1Z,1> A 1y,

Assumption 3.9 places appropriate constraints on the tails gf }ga that E(K(zz,)|z) converges to the

indicator function 1(z=3).

Assumption 3.10

X, has support Xwhich is a subset ai*2. X, has the following additional properties:
(a) Xz has a finite number of elements whegé&lxX, implies that p(x2) > 0.

(b) XZ%XEXXZ) =1

Let p(x|x2) be the density of pgiven %. Then the following holds:
(©) pOalx2) OWy o°
and E(y]x,x2)P(x|x2) O W, ..° with respect to the first argument x

The assumption (3.1) holds for XsXX, where X is the support for the continuous variables.

Assumptions (3.5) and (3.6) hold for kz=k

Perhaps the easiest way to describe the behavior of the test when discrete right hand side variables are
used is to show some primitive results when there are no continuous variables. In this case, assumption

(3.9) has a kernel such that K(0) = 1.

Letting lh(xi=x)=1(xi=x)/y» we define

) = 3ol =x)S(G ON) @)
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2 _1n _ .

pn(xi)__zl In(x; =x;)S(JEN;) (4.5)
1n ~ ~ ~
H g(rn(xi = Pa(X)F(x;, 0 ))(y; = (%;,0,)) (4.6)

Then the following holds:

Jﬁ(ﬁwn—fnn)—T% (1)~ 6c) +u, ~[16x) =1 (<, 8,08 ON)

{166, =x)) =K, =x))}d,
<2 5 5[0 =R u; ~[F06, 8) 1 6 DKy 6 - 50

i=1j=1
j#i

23 Z8I0N) s k)

= zZ|> p(xi )/
m [zI> uxj) /yn

wherep(x;)= inf |x. —xj|and4=|(f(xj)—f(xi)+uj—

>(J-DXJ-/>(i

I & #X)

1
_2

i"¥n

By assumption (3.10)
Sup  /nK(z) I - 0

lz]>uxi) Iy,

Then, plim +/n( i, - ) = 0.

The statistic'mis based on a continuous kernel that maintains all the smoothness properties in

assumption (3.3) and therefore, we can easily have both discrete and continuous right hand side variables.
Notice that because the suppogtiXfinite, it will induce the test for pure discrete right hand to converge

in probability to its underlying first moment rather than in distribution. The reason for this is that the

kernel needs only to be estimated at a finite set of points in the sample space and these points do not grow

with sample size.

Theorem 4.3
Under the assumptions 3.1 through 3.8 foamd k=k, and the additional assumptions of 3.9 and 3.10.
Theorem 4.2 carries over with k replaced bykd G K =I KU, y)* duwhere wOO" corresponds to

the continuous variables.
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We end this section by presenting an alternative estimatornfor .2). When higher order kernels are
used the computation of C(K)fK*(u)du is difficult when there are several right hand side regressors.
We offer the following lemma to compute an consistent estimatorftnat requires no integration.
Lemma 4.3

The estimator:

~ 4 n-1 * *

Jy = €282 K2 (X, — X
n n(n—l) igligj i ©j n( i ])

wheree," is defined in (3.7) is a consistent estimator fgr V

V Conclusions

We have in this paper proposed a test for misspecification that is consistent against all functional forms
and is of the form of the uniformly most powerful tests. By design the researcher does not arbitrarily
choose any parameter of the test. The researcher need only to estimate his original parametric model, and
then using the estimated residuals and the left and right hand side variables. The cross validation
mechanism along with the kernel of compact support allows the data to determine an optimal window

width while trimming out observations with density that are arbitrarily close to zero. The bounds of the
cross validation are fixed so that the window width will still have the required rate of decrease in order to

achieve standard asymptotic results.

It is important to note that our test prevents degeneracy by using a resampling technique. Although the
asymptotic distribution of our bootstrap test is identical to the Hong and White (1993), this research opens
a new avenue in which to promote additional finite sample efficiency. In order to maintain simplicity, our
resampling was done so that each observation had a 1/n chance of being chosen. This automatically
made the random variable SIy;) independent from the sample, allowing us to concentrate on showing

how resampling could prevent the degeneracy of our statistic. However, there are other resampling

strategies. One is to lgg =1/ éﬁ(xi) where ecnz(xi) is an estimator for the residual variance. One
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could make resampling section be proportional relatedgo fhat the sample points with smaller
variance would have a higher chance of being chosen. This could increase the finite sample power of the

test.

While this test is still subject to the curse of dimensionality it can be offset by the use of higher order
kernels. Although the test is not optimal in the sense of Hong (1993) we can achieve a higher local power
by using higher order kernels which at this point cannot be done in Hong without estimated third order
and higher derivatives of the conditional expectation function. Finally, we show that our test can be

applied to discrete variables, allowing the test to be used on a large number of data sets.
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Proofs

We start with Lemma A.1 which is an important ingredient for the lemmas and theorems in the paper.
Lemma A.1

Given assumptions 3.1 through 3.6, let N be continuously differentiable arf¢kH|#% ands; is defined
in (4.1). Then

iz 3 e Ko )

||M3

is Op(lA/ﬁ).
Proof:

We rewrite the expression as a V-Statistic:

S
n2

Z{aiMX,’) +&N(X)} K(% —X)

1)=1

M:.

We apply the theorem of Powell, Stock, and Stocker(1989), and we need to verify that
2
P = BieiNX) +&NOO} KX =9 [ =6 ).

< §e2NO) +e2NOAT K x - %))
1,0 =X 0O
=2f jEKZET'E&(xi)NZ(x,-)p(x)p(mdx dx
= [ K(u)o (GINZ = YaWPO§) POX = Y U Ay

=0y, )=an)™M=qn



QED

Lemma 4.1

Proof:

Under H, E(W, nIJ|x]) =E(W n|J|X1):0 Given Assumption (3.1), the following holds:
-1
E(W,) = En? zzw.,-n z B2 % 0 N)y,* KO)=0’(1y§) KO(n'n)

i= J =1

Using A(3.5), this implies
W, E<W)-n‘zzz Wi +(ry )™ ni '1|<(0)z{s $ION)—~(H pof=n? zz Wi+ ap w'f )

i=1j=1 i=1j=1
J# 2

The last equality follows from Chebyshev's inequality, &2 from Assumption (3.1) and
S(iON,)=0y(n'/n)=0p(¥'4y,K?) from A(3.5).

Then
‘/ﬁ (W, -EW, ):(n-SIZ) ggwﬂij-i-op(l)
i=Yj#i

given n/nk_wo. To show that/n (W, - EW,) —N(0,1) in distribution, we show that:
VY20, o N Dwhere U= m?25 5 W, and Y= var( ).

i=1 j=1j#
Under H,, because E(\x) = E(Un|xj) =0, U, is a degenerate second order U-Statistic so that we require a
central limit theorem (CLT). From de Jong's (1987) CLT for generalized forms we know thqt“r?(bjnv
to be asymptotically N(0,1), it suffices that/8 2 = o(1) for i = 1,2,3, where :
V,, = Var(U) ={n(n-22 B S( j0 N)e2f( K) I}

2200 (0 Ip | VK00 O ) i,

2y, II yIARKA (=2 X = 2)0 (X)0%(X,)p(X.) p( X,) dx,dx,+ 1), by Assumption (3.5)

I{IKz(u)oz(xl+ynu) (X +y,Ydbuo{ ®» % dx+ @ , Tis defined in Assumption (3.3).

= 2C(K)[ 0" (x )" () b, + A1) =2C(K) E{0?()p()}+0(1)=V,+o(1)

Therefore, -V, = o(1). Define k;j as K((X - X)/yn)
G = zzavvn.,/ A ={(n-) B®Eq O N) &el Kt < i iy ¢EK)*

i= J—
i#i



=N (n=By2¥ef [V, K%)}“m X) 16 %) dxdx,

n

=nP(=Dy g [ KW RO X+, V) dx dv

=n‘3(n—1)y;kcj K(v)“dvj (%) dx{1+ 63} = O 2y

G =3 T T EWE WA/ i ( n-X n-X n-B16 ES, ER Eef k) 2elel k) F

=
W

=
Py
Il
ol

=0y E( Ky A K3 =@ )

Grs =X X 3 Yigjekzn T E Whiy Whie Woni Whied + B W Woin W Whid + B Wiie Wiin Wi W)} e
<3CHS$10N,) $10 N) 640 N) 640 N} ”(n—l)(r;; 2)(n—3)E{ 2.2.2.2

€1€5€3E3 KoK K naK 14

by A(3.5)
< 30V [ [ [V KOG =x) TV R Vi KO =3 VI VR xoxl W vl X Y,

= BO(J)ij j j j KWKV +W)K (—r =W)K (-w )p X Jp(X, + Y V)P(X; +Y V+Y W)P(X, +Y V+Y W+Y 1)

(X=X YV, X=Xt YW, X=Xgt+ V)
=0(y,)

Since V, is O(1), we have shown tha} &/ 2 =o(1) for i=1,2,3 giveny)k — « and yk - 0.

QED

Lemma 4.2

To simplify, we seg*= ¢ whereg* is defined in (3.8).

Let J, =2n 2y iy, KE%2, then V, = 2C(K)J,,.
Sinceég; =, —fA(xi ,cD) and Y =f(xi )+g wherén(xi,c*) is defined in assumption (3.7).

Jn = zn_ZZinz_llZJn:Hl Kn(Xi - Xj)sizsj2
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2?51 e Ko 16 )1 G ] [ G ) o]

o2 -l 2.2
=20 YNy L € Kn(xi _Xj)+8Aln tAA G+ At Byt By,

We show thatA;, =0,(1) F1,..5
Let P=sup K(u)
u

Ain SPVEn_Z[szllail][ZJ 1€ ][ZJ 1|f(X f(X CDX]
= O|o(Vﬁ)op(1)O|o(”_ﬂzy_k/2 * V;)
< op(l) because/fi - oo, and[zjf‘zlajz] nY2 = Oy1)
Agn <PYAN2SL 3T +13j2[f(xi )‘ f(Xi :CD)]2
spi[mzel] wizn[ (x)- (. O] |
<0y ) 0p Y op(e) *+ 0,42 = s

The third inequality follows from results in Bierens (1987) tbml(f(xi) -f(x, ,cD))z

blasf(x) (ch) (;)

o(ny)™ and the
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Az, <Pypn 1.2

e[ 1(4)-1(x “ﬁ%f@)4@£g“
<PYROLTY ) + 0 (T3, )
:op(l)

n
A s PVEn_ZZJSi [f(
i=

fx cD)‘
<Py S el 2 5[0, )]

< Op(y,f)op%nyﬁ]_yz%: 0,(1)

and

ASnSPvnzn'lz za(f(x) f(x;,c) mflz z(f(x) f(x;,¢ )’ m
i=1j=1 i=1j=1
= O(Y§)O,(ny;?) = q,(1) by Assumptio(86 )
We then show that
plim 2n2y Z azszK x —x 2E( 4(x)p(x))
i=1j=1

Lety, = EE%). Note that

E(ai“sj“KnZ(xi—xj)) a0 ( ) (x =X )d)g ,dx

=0(y;*) = a(n), sinceyl w0
Therefore the first term in the expansion pédtisfies the conditions of the U Statistics Projection

Theorem in Powell, Stock, and Stocker(1989), and therefore.

plim 2n‘2nil § sfstn(xi—xj)_» ZC(K)E(p(x)o“r(x))since

i=1 j=i+1

EpPe?K, (x -x,) = 110°60)0 % Ko x o)y dx]
= {{oz(xl)oz(xl — VU)K (u)p(x) B % + 1) dx,, d
= 110°()o” () xk(u) o )
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QED



Theorem 4.1

We prove this theorem by Lemmas 4.1, 4.2

We must show that/ﬁ(mn —Wn) =0p(1) underH,. Also, underH (f(x) in 2.1 is equal to F( ).

SIS ORIOUCEY) RICES)

=02 S S 8 Yo - ) Jo

=02y [ -00) v =168 Yoo G x 8 e~ 80 )1 o)
G bl RS CEN BICKR R [ RIEN)| IS BB (CESRIGED)|
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233 e ka (- )8 [ 1.8 )= 105 00)]

L1 1 [CENRICEAE (AT RIGED) | HAEH X

[ [ 2)-r6eo0)]

=U, tU, +U,,



Because

\/ﬁuln = \/ﬁwn

we only need to show that
Vn(Uzn + Usn) = 0,(1)
To show this we first show that
JnU,, = 0,n(3)
Jnu,, =n?¥?yn, YiLE] Kn(Xi - Xj)% [f()f 8, )‘ f(X 6o )]

_ n—s,/zzin:lz?:laan(Xi _Xj)Sj af(X(;,qﬁn) [én _en]

for some
8, D{e:”e—eo”sén —e||}.

Since § =O(f?yk/?), and using lemma A.1,and assumption 3.2

k/
AUz, =0 yo(m)O(? )= o)

Iy, = 7925 5 1(x,00)Kn (6 ~ X)),

i=1j=1
~f(x;,80)Kn 0 =X )8 [F( 16, ) = (% ,8)]
_[f(xi,én)_f(xiveO)]Kn(Xi =X;)S;[& +f(x ,én )—f i .8,)]

= A +Agn +A 5

By Lemma A.1, and;S O(/Ar¥2), Aun= OF:).
By assumption (3.2) and Lemma A.3/A O(nY4,9?),
and Ay, = O(n¥4,3).

QED



Theorem 4.2

m-R =2y 5T [1(x80)+ moav o a ()46, - 1(x.0,)]
Kok -x, )8, [f(xi Bo)+n Ay a(x )+, - f(x,.8, )]
=Ny LD [f(XJ'GO)"f(Xi ,eo)+aj]$j K (% =% )&
+n-zzi”=lzj”¢l [ 2 -k“‘A(x.)-[f(x. 8 )—f(x. 8 )]]
s,an(xi—xI vz k"‘A(x) [f(x 6,)-1(x e)]]
0?35 ( ~(x; 90)+a] Kl —x
[f(xi,eo)—f(xi,eo)+n )]

7?33 [n-”y;“A(xj)— f(xi,én)— f(xi,eo)].
Sk (x - % )&

= Vln +V2n +V3n +V 4n*

In Lemma 4.1, we have shown

Jnv,, - N(O,V,).

We then will show the following:

0] plim Jﬁv2n =M, wherep is defined in the theorem
(ii) plim v/nV,, =0

(i) plim ¥nV,, =0

Starting with (i)

e )= nenp 20 e n(e)- 2 0 ) o, -e.])
s ()[ ()3 (.8, [o —e]]

(i)

The summand is equal to



df (x 8,

[ a(x -y, ( )[e e]s,,K [{j\ﬂzy “an(x)- )[e e]p(x — Y )p(x)dXdLD

df(x., )
—12 k/2I [__rr 1/2y k/4A(XI ( ) [ -0 ][:P(X)d)(I +OF(1)
o (., en e)
Y2y 2 ’y"’ZEEB&(x) ny4—> 218, 6] +Op(l)
(i) Since EV,,)=0

V,, = Op(n*2)
\/EVZn -0

QED

Lemma 4.3

An alternative estimator for Ms
\A/ =4n- IZlJZyﬁKn(x —=X; )8282

Proof:

Let

z; =(x;,& )andz = (x,& ) where isdefined(&15)



Therefore, taking a Taylor expansion arognglelds:

Vy =dn? 3 Sy kK2 22,7 £e? e £ et ¢
n— igljglyn n(X X)S IZlJZVn n(X Xj)gigj(8 £|) IZEVn n(X Xj)ajsi (sj 8])

2 _,ni-1
V, =407y Sy rKax —x))eE+0(D)

i=1j=1
The last inequality comes from Bierens[1987] whigree; = O, (n™"%,*/?).

Let H,(z,2) =y§ Ki(x - x)ee’. Then, we can easily use Powel, Stock, and Stocker[1989] to show

that E[||I-A(zi,z,-)||2]=o(n). Further, the following holds:

n i-1 )
Ean?y S vAKE G -xpefed =02 [ oo oy
=R
Letting u =(%-x;)/y,, we get:
ni-1
EanZy S vAKEG - x)efed = I @)0%)0%x, Vo) du= b+ )
1=1)=1 TX

Therefore, the conditions of Powell, Stocker, and Stocker are satisfied.

Theorem 4.3

Let K(z1,2;) have the properties list in assumptions (3.9).

Let
le X~ a’ .
Wi ( e S(ON;)
i = yn Yo '
Fajj = X7 (g, =%5)E,S( 0N, )

Vn Yn



n n
We have already shown that’ry 3 ( W ;F= ( @’R). Therefore, it suffices to show that:

i=1j=1 !
Jﬁn—l n
TSy 2Ry S N(O, V).

N~ i=1j=i+1

It is evident that E(Flei,x)= E(Fijlg;, x;)=0. Therefore, this is a degenerate statistic. Given the
assumption (3.10) wherg gan only take a finite number of values, the kernétkz,)I(u;=u,) satisfies
assumption (3.3) for kskand t > 2k Assumption (3.4) is satisfied for and k. Therefore, we can still

take the required Taylor Expansions with respect,tand in assumption 3.5 we set:
= O(r'%y %)

We satisfy assumption (3.6) with kekThe standardization in assumption (3.7) needs to be done only on

X1. Therefore all the assumptions for Lemma 4.1 are satisfied. QED



