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Abstract
Empirical studies that show an elastic labor demand from supply shocks such as
immigration and an inelastic labor demand from wage shocks such as changes in
the minimum wage contradict the typical model’s prediction of an equal elasticity.
This paper explains this apparent contradiction by generalizing the typical model
of complementarity between skill groups and endogenizes that complementarity.
Agents choose among complementary occupations on a hierarchy of heterogeneous
learning costs. The new choices of low skilled workers to higher cost/wage occupations o¤set the e¤ects of low skilled supply and wage shocks, making the e¤ects
more and less elastic respectively.
JEL codes: J23, J24, J31, J38, J61, J62
Keywords: Occupational Wage Di¤erential, Occupational Choice, Labor Demand, Speci…c Human Capital, Immigration, Minimum Wage

1. Introduction
There is a seeming inconsistency between the conclusions of studies on the e¤ects
of immigration and the minimum wage. The immigration literature, as surveyed
by Friedberg & Hunt (1995), tends to show a high elasticity of labor demand with a
10% increase in the share of immigrants, who are mostly low skilled, causing a 1%
decline in native wages and roughly a 1% increase in the number of immigrants
causing a 1% decline in low skilled wages. As surveyed by Borjas (1999), the
e¤ect on native wages has been found to be positive or negative, but certainly
not showing a consistently strong negative e¤ect on native wages. The minimum
wage literature, as surveyed by Brown (1999), shows that a 10% increase in the
minimum wage reduces employment of low wage earners by a mere 1%, implying
a low elasticity of labor demand. This paper provides an explanation for this
puzzle with a richer model than the usual labor demand structure, and which
endogenizes the elasticity of labor demand.
The apparent inconsistency in elasticity estimates can be seen in what is referred to in Acemoglu & Autor (2011) as the "canonical model". Economists
generally treat workers of di¤erent skill levels as qualitatively di¤erent and complementary inputs in production. For example, suppose all workers are divided
into high skilled and low skilled, which are usually de…ned as college and noncollege graduates. Let H denote the number of high skilled workers, L denote
the number of low skilled workers, Y denote aggregate output, 1 and 2 be
constants, and
denote the Allen elasticity of substitution between high and
low skilled workers. Aggregate output could be modelled as a CES production
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, where WH and WL are the wages of high and low skilled workers respectively.
When the supply of one kind of worker rises, its wages fall and those of the other
kind rise. Wages can rise arbitrarily high and fall arbitrarily close to zero. Many
studies, including Katz & Murphy (1992) for example, use similar frameworks to
this which are reasonably consistent with empirical evidence.
There is only one elasticity of substitution that measures the degree of complementarity between di¤erent worker types; it is constrained to be constant and
would be the same for any kind of shock. Therefore, the high measures of
for immigration contradict the low measures for the minimum wage. In order
to explain this, we need a model that explains the observed complementarity of
the canonical model and in so doing allows for more ‡exibility. This model will
include the distinction between present and lifetime wages to explain how these
shocks can have counterintuitive e¤ects on observable, current wages.
Classifying workers, or agents, as high and low skilled implies that they have
di¤erent quantities of the same input, whether it’s education, productivity, or
some other measure of skill. While it is possible for an individual to have many
di¤erent dimensions to ability, which could result in comparative advantage in
certain areas, this paper explores the implications of a one dimensional measure
of skill which does not depend on comparative advantage.1
This means that high skilled agents would be able to enter the production
function in any way that a lower skilled agent can. But agents of di¤erent skill
levels might act as complements if they perform di¤erent occupations. It is easy
1
The formal de…nition of comparative advantage used here is the de…nition used by Satinger
(1993) described below.
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to see how di¤erent occupations would be complementary in production with each
other, and would have to be treated as qualitatively di¤erent inputs. What might
underlie the canonical model is that di¤erently skilled agents sort themselves into
di¤erent occupations, which are what drives the observed complementarity.
Performing an occupation would require an agent to take time to learn how
to do it, which would be a sunk cost. It’s reasonable to expect that the occupations would not have the same learning requirement. An occupation with a
higher learning time would need to pay higher current wages in order to compensate agents for a shorter working life, so that they would not have lower lifetime
wages. This provides an explanation of why education is associated with higher
earnings, similar to Willis (1986), who models education as a …xed cost of performing an occupation as an explanation. However, unlike Willis (1986), it is
also reasonable to expect that agents who are more productive in general would
also be proportionately more productive in learning and thus have shorter learning times. This makes the learning cost more a¤ordable to higher skilled agents,
giving them an incentive to choose the higher cost/wage occupations and crowd
the lower skilled into the lower cost/wage occupations. This implies that there
is an occupational hierarchy from the lowest cost/skill/wage occupations to the
highest.
With this hierarchy, there are di¤erent e¤ects of skill supply shocks, such as
high or low skilled immigration. This is because skill supply shocks change relative wages, which in turn change occupation choices. The addition of high skilled
agents will lower wages in high skilled occupations, and because the occupations
themselves are complementary, they will raise wages in other occupations. Some
agents who would have chosen high skilled occupations will instead choose previously lower skilled occupations, since they would be getting a lower future return
for the same learning cost. These new choices will in turn lower wages in those
occupations, causing some of those who would have chosen them to move down
further. A cascading process will happen all the way down the occupation ladder.
A similar e¤ect would happen if low skilled immigrants entered the economy, cas3

cading agents up the job ladder. In general, similarly skilled agents enter nearby
occupations, pushing nearby wages down. Only occupations further up and down
the hierarchy with agents whose skill is su¢ ciently higher or lower have rising
wages. If the supply shock was large enough, agents who would have chosen
an occupation close to what the supply shock chose will move far enough along
the occupation ladder so that the supply shock causes their wages to rise, thus
switching from being substitutes with the supply shock to being complements.
This explains why similarly skilled agents seem to act like substitutes and di¤erently skilled agents act like complements, as in the canonical model, endogenizing
the complementarity between them.
Because some low skilled native agents would move to higher paying occupations in response to low skilled immigration, they would be earning more in current
wages, o¤setting or even overcoming the downward e¤ect on nearby wages. Since
current wages are what are observed, a large supply shock could have a small total
observed e¤ect on current native wages, and the measured elasticity of substitution would be high. Or, the total e¤ect on the observed wages of some agents
could even be positive.
The e¤ects of a wage shock, such as a change in the minimum wage, are damped
similarly. Agents who cannot make the minimum in their current occupation could
still work if they learned a higher wage occupation. Since it wasn’t previously
worth the cost in lifetime wages to do a higher wage occupation, agents will choose
the lowest occupation that allows them to make the minimum. Since other agents
will do the same and push down wages in this occupation, agents will cascade
up the hierarchy as needed. The only agents who would become unemployed are
those that are currently learning their new occupation and the ones that don’t
have enough skill to learn any occupation that would satisfy the minimum. The
small overall e¤ect on employment would cause the measured elasticity of labor
demand to be low. Thus a large labor supply shock would have a low e¤ect on
native wages at the same time that a large wage shock would have a small e¤ect
on employment.
4

The model of this paper uses an innovative mechanism. Models where wages
are determined by the assignment of agents among occupations, or assignment
models, are surveyed in Satinger (1993). In all of the models surveyed, the assignment is driven by at least one of three e¤ects: the scale e¤ect, where only one
agent can do a particular function at a time; comparative advantage, de…ned as
when the ratios of outputs between two agents di¤er across occupations; and preferences, where agents choose occupations based on idiosyncratic tastes. In this
model, by contrast, agents themselves are perfect substitutes within an occupation - two agents with equal productivity produce the same as one with double the
productivity, so no scale e¤ect applies. Also because of this, the ratio of outputs
between two agents will always be the same across occupations, so the model does
not exhibit comparative advantage. There are also no di¤erences in preferences
needed for the model’s implications. This means the model of this paper does not
…t into the typical types of models: linear programming, di¤erential rents, or the
Roy (1951) model.2 This model also has the bene…t of not having to make restrictive functional form assumptions that do not come from theory, and is intuitive
and tractable. However, being discrete has the cost of precluding any continuous
function for elasticities between skill levels. Two other studies, Teulings (2005)
and Costrell & Lowery (2004), modeled a cascading e¤ect of occupation changes
due to a supply shock, and endogenize the complementarity between skill levels
with it, but without lifetime vs. current wages.3 While these papers model important aspects of the market and may be relevant for other issues, only the model
2

The fact that it does not have comparative advantage also separates it from Acemolgu &
Autor (2011), who develop an assignment model with three skill groups which is used to study
the e¤ects of technological change on the wage distribution.
This is also di¤erent from Welch (1979), who also explicitly models occupations as the reason
for the observed complementarity between di¤erently skilled agents with experience being the
measure of skill, but does not model how agents choose occupations. Instead, occupations are a
1-to-1 function of a agent’s experience, so there is no cascading.
3
Teulings (2005) is based on comparative advantage while Costrell & Lowery (2004) is based
on a scale-like e¤ect where occupations di¤er in ability sensitivity and agents in an occupation
diminish (perhaps to zero) the output of other agents in the same occupation.
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of this paper can explain the immigration-minimum wage elasticity puzzle.
In section 2, the economy is modelled as the product of many distinct occupations that agents perform. In section 3, the model is used to explain why
di¤erently skilled agents appear to be di¤erent and complementary inputs while
similarly skilled agents act like substitutes, and how skill supply changes such as
an immigration shock would move agents across occupations and change wages.
It is shown that an immigration shock would have a lower e¤ect on the observed
wages of natives. The implications for a wage shock and the damped e¤ect on
employment is shown. Section 4 summarizes and discusses.
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2. Model
2.1. Model Speci…cation
Labor is divided into di¤erent occupations which have diminishing marginal products and are complementary with each other. This is represented by an aggregate
production function which uses labor as the primary input and occupation aggregates as intermediate inputs. Let Y denote aggregate output, Ij denote the
quantity of occupation j services, and J denote the total number of occupations.
Then
Y = F (I1 ; I2 ; I3 ; :::; IJ )
(2.1)
Fj > 0; Fjj < 0; Fij > 0

(2.2)

for all levels of Ij 8j. Occupation complementarity is modelled by the Fij > 0
condition. F has constant returns to scale. All markets are competitive.
There is a continuum of agents indexed by their skill, s, which is a one dimensional measure of productivity, with the lowest and highest skilled agents having
skill s and s respectively,
0 s s 1 .
(2.3)
The measure of agents with skill less than or equal to s is N (s), while n (s) denotes
the measure of agents with skill s. The total population is the integral of n (s)
over s, denoted by N . N is …nite, as is the expectation of s with respect to N (s),
R1
i.e. 1 sdN (s) < 1. N (s) will be treated as exogenous.
Each agent can be in only one occupation. The occupation aggregates are
produced from the skill of the agents in that occupation, with the units of each
7

of the occupation aggregates scaled to be the same as units of skill. The skill of
each agent is perfectly substitutable with the skill of each other agent within that
occupation. Therefore, the amount of each occupation aggregate is simply the
sum of the skill that each agent in that occupation contributes and the marginal
product of skill in an occupation will be the same for each skill unit in that
occupation. Let wj denote the price of skill in occupation j, let wj (s) denote the
current wages of an agent of skill s in occupation j, W (s) denote the lifetime
wages of an agent of skill s, and Wj (s) be the lifetime wages of an agent of skill
s conditional on being in occupation j. Then
(2.4)

wj (s) = wj s
.

Each agent must spend time learning the occupation before it can be performed. Let tsj denote necessary time devoted to learning occupation j, and let
the total time in an agent’s career be scaled to 1. Then
Wj (s) = wj s (1

tsj )

(2.5)

. Since skill is a measure of how productive agents are at everything they do, let
an agent’s learning speed be proportionate to skill: an agent with twice the skill
of another can learn an occupation in half the time. Then the learning time can
be put in terms of a cost in skill units, Ej
stsj , for the …xed entrance cost of
learning occupation j. Then
Wj (s) = wj (s

Ej )

(2.6)

.
The entrance costs are heterogeneous across occupations: some are easier to

8

learn than others. The occupations are numbered according to
0

E0 < E1 < E2 < E3 <

< EJ < s

(2.7)

so that the lower numbered occupations have the lower entrance costs. The condition that EJ < s insures that it is possible for every occupation to have some
agents.
Each agent chooses which occupation to enter in order to maximize lifetime
wages given the entrance cost of the occupation. Then,1
W (s) = max fWj (s)g = max fwj (s
j

j

Ej )g .

(2.8)

If no occupation o¤ers a positive wage, agents can choose occupation 0, which
is non-participation. occupation 0 has no entrance cost and pays no wages, so
that E0; W0 (s) 0.
The …nal good, Y , is produced by a single producer, and each occupation
aggregate, Ij for occupation j, is produced by an occupation service producer,
each of which operate in competitive markets for all goods.

2.2. Equilibrium
De…nition 1. An equilibrium is a set of prices of skill in each occupation, fwj gJj=1 ,
a set of prices of occupation aggregates fpj gJj=1 and quantities fIj gJj=1 such that:
(1) The …nal goods producer maximizes pro…ts:
max

fIj gJ
j=1

(

F (I1 ; I2 ; I3 ; :::; IJ )

X
j

1

pj Ij

)

;

(2.9)

Lifetime wages are the only argument in utility and so are treated as equivalent to the
agent’s utility level.
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(2) occupation aggregate producers maximize pro…ts:
max fpj Ij

fIj gJ
j=1

wj Ij g ;

(2.10)

(3) Individuals choose an occupation to maximize lifetime wages:
max fWj (s)g = max fwj (s
j

j

(4) Markets clear:
Ij =

Z

Ej )g ;

(2.11)

s

(2.12)

Pr (jjs) sdN (s)

s

where Pr (jjs) is the probability of an agent choosing occupation j conditional on
having skill s.
Since the pro…ts of each occupation aggregate producer must equal zero, the
price of occupation aggregate j, pj , must equal the price of skill in each occupation,
wj , in any competitive equilibrium. Since pj = wj in equilibrium, the price of an
occupation and the price of skill in an occupation will be used interchangeably,
using the notation wj to refer to both the price of a unit of skill in each occupation
j as well as the price of Ij for each occupation j.
From the …rst order conditions of (1): Fj wj , and Fj = wj when Ij > 0.
Proposition 2. If an occupation has a higher entrance cost and a lower skill price
than another occupation, all agents would be worse o¤ in it and no agents would
choose it. Because of the properties of F : (1) any empty occupation must have
an in…nite skill price and thus, (2) no occupation can be empty in equilibrium.
Proof. See Appendix.
Proposition 3. In any equilibrium,
0 < w1 < w2 <

< wj <
10

wJ .

(2.13)

Proof. See Appendix.
This implies that the higher the occupation number, the higher the occupation’s skill price as well as entrance cost.
Consider an agent choosing between two occupations, j and k. If j > k, the
agent will choose occupation j over k if and only if:
wj (s

Ej ) > wk (s

Ek ) ,

(2.14)

or, by rearranging, if and only if:
s>

w j Ej
wj

w k Ek
.
wk

(2.15)

This means the choice between any two occupations can be determined by a skill
cuto¤, such that if an agent’s skill is above the cuto¤ they will choose the higher
w E w E
numbered occupation, and vice versa. If s = j wjj wkk k the agent is indi¤erent.
Let
w j Ej w k Ek
(2.16)
sjk
wj wk
be the skill cuto¤ between occupations j and k. However, as is shown in Lemma 8
in the Appendix, only the skill cuto¤s between adjacent occupations will matter
for characterizing equilibria. For more simple notation, let
sj+1;j

sj

(2.17)

so that only the J skill cuto¤s between adjacent occupations will be considered.
In any equilibrium, because w0 0, s0 = E1 .
It is …rst shown that these cuto¤s must be ordered, or else there would be an
occupation that no agent chooses.
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Proposition 4. Let the set of skill cuto¤s, fsj gJj=01 , be de…ned as:
sj

wj+1 Ej+1 wj Ej
.
wj+1 wj

(2.18)

In any equilibrium fsj gJj=01 is ordered from least to greatest:
s0

s1

s2

sJ

1

.

(2.19)

Proof. See Appendix.
Occupations with higher costs have higher skill prices and higher skill levels, and thus higher wages, meaning there is a hierarchy of occupations. This
equilibrium is proven below.
This is an outline of the proof. Suppose agents sorted themselves according to
an arbitrary set of skill cuto¤s. Any set of cuto¤s implies an allocation of agents
into occupations, which determines a set of occupation aggregates and thus skill
prices. These skill prices in turn determine the agents’next occupation choices,
and so on. In the proof in the Appendix it is shown that the agents’choices will
eventually converge on one set of skill cuto¤s, a …xed point. It is then shown
that this …xed point satis…es the conditions for an equilibrium, so an equilibrium
exists.
Theorem 5. There exists an equilibrium characterized by the set of skill cuto¤s:
sj =

wj+1 Ej+1 wj Ej
wj+1 wj

(2.20)

s.t. each agent of skill s chooses an occupation s.t.:
sj

1

s

Proof. See Appendix.
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sj .

(2.21)

2.3. Implications
Consider what would happen if there was a supply increase of agents of a certain
skill level, denoted s0 . Suppose sj 1 < s0 < sj , so that initially the new entrants
choose occupation j. This would increase the occupation aggregate for j, Ij , and
lower the skill price in occupation j, wj , since Fjj < 0. All other occupation prices
would rise since Fjk > 08j 6= k.
All movements of agents across occupations discussed here will be considered
to be the choices that agents would have made according to the new skill prices,
as opposed to agents who have already paid the entrance cost for an occupation
moving to a new one, and so are steady state changes. Agents could choose to
pay the cost of another occupation, but that cost would now be a larger portion
of their remaining lifetime. However, new agents entering the economy who have
not paid a sunk cost would choose a di¤erent occupation from what they would
have chosen if there had been no shock of s0 skilled agents, and if the shocks
were anticipated, or if they were trends, agents would have already chosen an
occupation according to the e¤ects of the supply change. Therefore the steady
state equilibrium can ignore the entrance costs already paid by existing agents.
However, as described below, there is good reason to believe that in the cases
relevant to the elasticity puzzle, the steady state is reached quickly in any case.
As skill prices change, fewer agents would choose occupations with falling prices
and more agents would choose occupations with rising prices. This is because
wj+1 (Ej+1 Ej )
@sj
=
>0
@wj
(wj+1 wj )2
@sj 1
wj 1 (Ej Ej 1 )
=
<0 ,
@wj
(wj wj 1 )2

(2.22)
(2.23)

so that sj would fall, sj 1 would rise, and agents would move from occupation j to
occupation j-1 and j+1. All else equal, this would lower wj+1 and wj 1 , and the
same process would tend to happen for wj+2 , wj 2 , and so on up and down the
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occupation ladder. Thus, agents added to the economy tend to cause a cascade of
higher skilled agents up the occupation ladder and lower skilled agents down the
occupation ladder.2
While there would be a tendency for this cascading process to happen for
any aggregate production function F , it would not necessarily be monotonic.3
The CES production function is used as an example of a case where cascading is
monotonic.
Consider the following experiment. Let there be an increase in the mass of
agents of skill s0 by an amount " creating a new skill distribution, N" (s). Therefore, the new skill distribution would be de…ned as:
N" (s) =

(

N (s) if s < s0
N (s) + " if s s0

.

(2.24)

Let fsj (")gJj=01 , fIj (")gJj=1 , fwj (")gJj=1 , and Y (") denote the new equilibrium
skill cuto¤s, occupation aggregates, skill prices, and aggregate output for the skill
distribution N" (s). The case when " = 0 refers to the equilibrium before the
increase in supply of s0 skilled agents.
2

Upward cascading would also occur if new high cost occupations were added to the economy,
increasing J. If job J + 1 were added, initially the skill price wJ+1 would be in…nite. At that
w
EJ+1 wJ Ej
would be EJ+1 and agents would move from J to J + 1 (if there are
point sJ = J+1wJ+1
wJ
agents in the economy with s > EJ+1 ), raising wJ , and so causing upward cascading similar to
the above. However, this paper only explores shocks to a …xed occupation structure.
3
In other words, as more and more agents of skill s0 were added, some skill cuto¤s may move
away from s0 at …rst, with relative skill prices acting accordingly. A reason this might happen is
that it is possible certain occupations may be very complementary or substitutable with certain
other occupations. If this were so, a change in one occupation aggregate due to a supply change
of s0 skilled agents could cause a large enough change in another occupation’s skill price to
outweigh any cascading e¤ect. For example, suppose s0 skilled agents entered the economy in
occupation j. Suppose j was very complementary with job j + 3, and very substitutable with
job j + 4. If the job price of j + 3 rose relative to j + 4, sj+3 could rise, and some agents would
move in the opposite direction of the cascading. However, this e¤ect is due to the aggregate
production function having large asymmetries in the complementarity between occupations. A
su¢ ciently symmetric and well behaved function would not have this issue.
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Proposition 6. If F has a CES form,
Y = [c1 I1 + c2 I2 +
< 1, for " > 0, if sj

1

(")

s0

+ cJ IJ ]

1

,

(2.25)

sj ("):

@sk (")
@sk (")
< 08k > j;
> 0, 8k < j ;
@"
@"
(")
(")
@ wwk+1
@ wwk+1
k (")
k (")
(2)
> 0, 8k > j, and
< 0, 8k < j .
@"
@"
(1)

(2.26)
(2.27)

Proof. See Appendix.
This means an increase in skill s0 agents would: (1) move all skill cuto¤s closer
to s0 so that agents cascaded only away from the occupation the s0 skilled agents
…rst entered; (2) the skill price ratios between higher occupations would rise, and
the ratios between lower occupations would fall. The latter point implies that
occupations further away from the one that s0 skilled agents enter have rising skill
prices relative to occupations closer to it.
For any production function F , it can still be shown that the movement of
agents up and down the occupation ladder would hold as long as the supply
increase was large enough, or in other words, in the limit as " ! 1. Consider
what would happen as even more s0 agents were added. Eventually the economy
would approach a limiting state where every occupation would have some s0 skilled
agents without assuming CES, as described in Proposition 7 below.
Proposition 7. There exists a
every occupation.

< 1, s.t. when " = , s0 skilled agents are in

Proof. See Appendix.
All skill cuto¤s would equal s0 , and s0 skilled agents be indi¤erent between
each occupation. From (2:18),
sj E j
wj+1
=
wj
sj Ej+1
15

(2.28)

. Since all cuto¤s above s0 would fall to s0 , all relative skill prices wwk+1
for all k > j
k
would be higher than before the supply shock, and because all cuto¤s below s0
would rise to s0 , all wwk k 1 for all k j would be lower.
2.3.1. Contrast with Canonical Model
This limiting case shows that even if this model and the canonical model described
in section 1 act similarly for small shocks, for large shocks di¤erences would be
observed. When s0 agents are in all occupations, skill prices would be frozen, and
all other agents would be in the highest and/or lowest ranked occupation. Since
the skill prices determine wages, wages would also be at a …nite limit, and the
elasticity of substitution between high and low skilled agents would be zero. Even
if the cascading was not continuous as in the CES case, at some point as more
s0 agents entered the economy the elasticity between high and low skilled agents
would have to fall.
But in the canonical model the elasticity is …xed, and as the relative quantity
of one skill group goes to 0, that group’s marginal product/wages rise to in…nity.
For the high skilled group (which would be all agents with skill s greater than a
given level),
lim WH =

H!0

1

H
L

1
1

H
L

1

+

2

1

=1

(2.29)

, and similarly for the low skilled group.
The cascading e¤ect also endogenizes complementarity between di¤erently
skilled agents. Agents with close enough skill levels act like substitutes because
they are within the range where supply increases of one type of agent cause skill
prices and thus wages to fall. Because of the constant returns to scale, they
would have to push up skill prices in other occupations. Agents with di¤erent
enough skill levels are outside of that range, and cause each other’s wages to rise.
This complementarity e¤ect happens despite the agents themselves being perfect
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substitutes in producing any occupation aggregate.
In fact, as more new agents enter the economy, the original substitutes could
shift to being complements with the new agents. As nearby agents move further
up or down the occupation ladder, they could eventually move into occupations
that have rising skill prices. As one example, if s0 agents were the highest in the
economy, eventually all other agents would move into occupation 1. Before s0
skilled agents entered occupation 1, w1 would continue to rise. Even agents with
skill close to s0 would see at least a brief rise in wages in occupation 1 if not while
they were in other low ranked occupations.

2.4. Implications for Observed Elasticities
Only the long run steady state has been considered so far, but there is reason to
believe the long run is reached very quickly for the lowest skilled agents. This is
because the entrance costs at the bottom of the hierarchy could be quite low. Some
evidence for this e¤ect comes from Converse et al. (1981), which provides survey
evidence that low wage earners do work in occupations that require signi…cant
but small training time.4 Agents near the bottom who’s wages are a¤ected by
low skilled immigration or a change in the minimum may be able to learn new
occupations within months or less. This time frame could …t into many of the
empirical studies of labor demand. It could also be that not all of the entrance cost
is sunk for nearby occupations. If similar occupations required similar knowledge,
the marginal entrance of moving up a few occupations on the hierarchy could be
small.
The canonical model predicts that a shock of low skilled agents such as immigrants will reduce wages for all low skilled agents. But here, because natives who
4

Converse et al. (1981), which studies a survey of employers of minimum wage workers, show
that employers often provide training for low wage occupations. On average, they …nd that 51.7
hours of formal training were required, and 24.6 days of on-the-job training. Therefore it is
reasonable to assume that low wage occupations would often require training that is done at the
worker’s expense, which is what the entrance costs Ej are.
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are higher skilled than the low skilled immigrants will cascade up the occupation
ladder and earn higher current wages, the observed e¤ects of immigration on native wages could be lower or even ambiguous. Suppose a shock of immigrants had
skill s0 < s1 , so that they initially entered occupation 1. Consider natives with a
skill of sn < s1 , so that they were also in occupation 1. As s0 immigrants enter,
s1 and all other skill cuto¤s fall toward s0 . At least some natives would make
di¤erent occupation choices and choose higher occupations, including switching
from occupation 1 to 2. Skill prices in occupations close to 1 would fall relative
to higher occupation’s skill prices.
Let wj0 denote the new skill price of wj . If w20 < w1 , so that the skill price in
occupation 2 fell lower than what occupation 1’s skill price used to be, then even
those natives who moved from 1 to 2 would have lower current wages, w20 sn < w1 sn .
But if w2 only fell to w20 > w1 , so that it was still higher than w1 was before the
shock, those natives that moved from 1 to 2 would have higher current wages,
w20 sn > w1 sn . A similar argument can be applied to those natives that moved
from any occupation j to a higher occupation k > j. This would o¤set or even
reverse the e¤ects of falling skill prices on the average low skilled (or overall)
native wages.
For the e¤ects of a wage shock, the canonical model predicts that every agent
who earns less than the minimum will become unemployed. In this model, suppose
a minimum wage wm is mandated. This is applied to each agents’ current, not
lifetime wages. An agent could not stay in their current occupation j if they
couldn’t make the minimum in it: wj s < wn , meaning s < wwmj . Those agents
would have to choose another occupation k with a high enough skill price to allow
them to meet the minimum, wk s wm , so that s wwmk . They could only do this
if they could pay the entrance cost Ek , s > Ek .5
By Proposition 4 and (2:15), each agent prefers occupations closer to the orig5

The survey of Converse et al. (1981) shows 12.6% of employers of workers earing at or near
the minimum gave employees more responsibilities (pg. 281), with 6.1% requiring new training.
It is therefore reasonable to suppose that many workers might pay for their own training and
move to higher occupations.
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inal choice j over those further away. Since sj 1 < s < sj , then s < sj+l for all
l
1, and the agent would prefer every occupation j + l to j + l + 1. But the
lower an agent’s skill, the higher the occupation they would need to switch to in
order to satisfy the minimum. Therefore the agent would choose
k=

(

oo
n
n
Wm
min k s.t. s > max wk ; Ek
0

if s >

Wm
; Ek
wk

for some k

.

(2.30)

otherwise

If w1 s1 < wm , so that agents in higher occupations than 1 are a¤ected, then
by Proposition 2 agents would leave occupation 1 and w1 would rise until wm <
w1 s1 < w2 s1 < w3 s2 < ::: < wJ sJ 1 . Therefore in equilibrium the minimum is
binding only for agents who would choose occupation 1 and the new s0 = wwm1 .
By the agent optimization condition and the Theorem, since those who switched
were forced to switch from their optimal choice, their lifetime wages would be lower
- the higher skill price would not compensate for the higher entrance cost. Only
if there was no such occupation that they could pay the higher entrance cost Ek
for, would they be in occupation 0 and be unemployed. Therefore the measured
elasticity of labor demand from a change in the minimum would be lower than in
the canonical model.
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3. Conclusions and Discussion

It has been shown that a model of agents choosing among complementary occupations on a hierarchy determined by heterogeneous learning costs can explain an
observed elastic labor demand from immigration and an inelastic labor demand
from changes in the minimum wage. The movement to higher cost/wage occupations could o¤set the e¤ects of low skilled immigration on low skilled natives
and the unemployment e¤ects of the minimum wage. This model generalizes the
canonical model and endogenizes the complementarity between workers of di¤erent skill levels that is empirically observed. It does not depend on the typical
assumptions of comparative advantage, scale, and preferences, and doesn’t depend upon a particular production function used. It is also relatively intuitive
and tractable.
This model does not necessarily provide the entire explanation of the e¤ects
of supply and wage shocks, but could add to other potential dampers of those
shocks discussed in the literature cited above. The magnitude of the cascading
e¤ects will depend on how large the entrance costs are. Since they represent how
costly it is to learn an occupation, this will hinge on how much future wages are
discounted. If the relevant discount rate is very low, the entrance costs will be
low, the skill prices in higher occupations will only be slightly higher, and shifts
to higher occupations won’t make much of a di¤erence on wages. Alternatively, if
economic growth raises wages quickly relative to the relevant discount rate, there
will also be a fairly ‡at hierarchy, since the wage cost of learning an occupation
today would be a small fraction of total lifetime wages, which would include high
wages in the future.
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5. Appendix
5.1. Proofs and Lemmas for the Results of the Model Section
Proof of Proposition 2 (1).
Proof. Suppose Fj is …nite when Ij = 0. Multiply each occupation aggregate
by a constant, > 1. F is homogenous of degree 1, so Fj is homogenous of degree
zero. Thus
Fj ( I1 ; I2 ; :::;
However,

@2F
@Ij @Ik

0; :::; IJ ) = Fj (I1 ; I2 ; :::; 0; :::; IJ ) .

(5.1)

> 0, so when each aggregate is multiplied by ,

Fj ( I1 ; I2 ; :::;

0; :::; IJ ) > Fj (I1 ; I2 ; :::; 0; :::; Ij ) .

(5.2)

This is because all Ik for all k 6= j have risen, so Fj must rise. For any …nite Fj ,
(5:1) and (5:2) contradict. Since wj = Fj , wj = 1.
Proof of Proposition 2 (2).
Proof. Suppose there were some occupations j 2 which were empty. Then
by (1) wj2 = 1. Then
Wj2 (s) = wj2 (s

Ej2 ) = 1

for those agents with s > Ej2 , which have nonzero measure since s > EJ . For
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j2
= , Therefore

Wj2 (s) > Wj 2= (s) ,

contradicting agent optimization.
Proof of Proposition 3
Proof. Suppose not. Then for some j, k, s.t. k > 0, wj+k < wj . By
construction, Ej+k > Ej . Then
wj (s

Ej ) > wj+k (s

Ej+k ) 8s

(5.3)

and all agents would prefer j over j +k. Thus no agents would be in occupation
j + k contradicting Proposition 2.
Proof of Proposition 4
Proof. Suppose not. Then for some occupation j, sj < sj 1 . By the de…nition
of sj 1 , and by(2:15) every agent with s < sj 1 would prefer j 1 to j. Similarly,
every agent with skill s sj 1 would also have a higher skill than sj , and would
choose j+1 over j and j 1. Since every agent must have skill s Q sj 1 , every agent
would prefer another occupation over j. Thus, no agents would be in occupation
j, contradicting Proposition 2.
Many intermediate steps must be made to prove Theorem 5. First it is shown
that any equilibrium can be characterized by a set of skill cuto¤s.
Lemma 8. Any equilibrium allocation of agents into occupations can be characterized by the set of skill cuto¤s, fsj gJj=01 , as de…ned by
sj

wj+1 Ej+1 wj Ej
.
wj+1 wj

(5.4)

Proof. Any agent would have a skill level s such that
s0

sj

2

sj

1

s

sj

sj+1

sJ

1

(5.5)

for some occupation j. First consider all agents with skill not equal to any cuto¤,
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s s.t. s 6= sj for any j. Then,
s0

sj

2

sj

1

< s < sj

sj+1

sJ

1

(5.6)

Because s < sj , the agent would prefer occupation j to j+1. Because s < sj sj+1
the agent would prefer j + 1 at least as much as j + 2, and similarly j + 2 would
be at least as preferred as j + 3, and so on. By induction, j is preferred to j + k
for all k 1. Likewise for j 1, j 2, and j k for all k 1. Thus, any agent
would prefer occupation j s.t. sj 1 < s < sj to all higher and lower occupations,
and would have a unique occupation choice depending only on the set fsj gJj=01 .
Now consider the case where an agent’s skill is equal to a cuto¤, s = sj for some
j. Agents with skill s = sj are indi¤erent between occupations j and j + 1. In any
equilibrium, these agents would choose between j and j + 1 in a unique allocation
consistent with s = sj . In other words, Ij and Ij+1 would be consistent with
w
Ej+1 wj Ej
. To see that this allocation is unique, consider two di¤erent
s = j+1wj+1
wj
0
00
allocations, denoted by 0 and 00 , s.t. Ij0 > Ij00 and Ij+1
< Ij+1
.
00
Fj00 :::; Ij00 ; Ij+1
; :::
00
00
Fj+1
:::; Ij00 ; Ij+1
; :::

0
> Fj0 :::; Ij0 ; Ij+1
; :::

(5.7)

0
0
< Fj+1
:::; Ij0 ; Ij+1
; :::

(5.8)

because Fjj < 0 and Fj;j+1 > 0. Thus the skill prices are di¤erent in each case,
and from equation (2:22)
s00j =

0
00
wj+1
Ej+1 wj0 Ej
wj+1
Ej+1 wj00 Ej
<
= s0j .
00
0
wj+1
wj00
wj+1
wj0

(5.9)

Therefore, there can be only one allocation of skill s = sj agents across occupations
j and j + 1 that is consistent with s = sj . The same argument can be applied for
any s = sk = sk+1 =
for any occupation k.
Proof of Theorem 5
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Proof. Let

Z

I

s

(5.10)

sdN (s)

s

R1
be a …nite number, since 1 sdN (s) < 1 by assumption. Let I be de…ned as a
vector of occupation aggregates, fIj gJj=1 , on the space S, s.t.
I 2 S = I 2 RJ j0

Ij

I8j

.

(5.11)

Therefore, S is compact and convex. Let w 2 RJ be the vector of skill
prices, fwj gJj=1 . Let : S ! RJ , (I) = w, be the mapping of I into w de…ned
by
Fj (I1 ; I2 ; : : : ; Ij ; : : : ; IJ ) 8j .
(5.12)
j (I) = wj
Let 2 RJ be a vector of skill cuto¤s, fsj gJj=01 . Let : RJ ! RJ ,
de…ned as
( w E
j+1 j+1 wj Ej
if wj+1 > wj
wj+1 wj
.
j (w) = sj
1 otherwise
Let

: RJ ! S,

: S ! S,

(5.13)

( ) = I, be de…ned by

j

Let

(w) = , be

( ) = Ij

( Rs
j
sj

1

sdN (s) , if sj
0 otherwise

sj

1

.

(5.14)

(I) = I, be de…ned by
(I) =

( ( (I))) .

(5.15)

Since F is continuous, (I) = w is continuous in I. Since sj for any j is continuous in wj and wj+1 , (w) = is continuous in w, and ( (I)) is continuous in
I. Since Ij for any j is continuous in sj 1 and sj , ( ) is continuous in , and
thus ( ( (I))) is continuous in I. Thus (I) is continuous. By the de…nition
of ( ), and the fact that all skill levels are non-negative, any sj
sj 1 yields
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Ij
Ij

0, and for anything else Ij = 0, so every Ij
I8j. Therefore, (I) = I maps S onto itself,
:S!S .

0. Since

R1

1

sdN (s) = I,

(5.16)

By the above and Brouwer’s …xed point theorem, (I) has a …xed point in S.
Finally, it is shown that this …xed point must be an equilibrium as de…ned by the
model. Suppose for any occupation set of adjacent occupations fIj gl+k
j=l = 0. From
l+k
Proposition 2 (1), fwj gj=l = 1. From , sl 1 = El and sl+k = 1. Because there
are agents with skill between El and 1 by equation (2:7), implies Ij > 0 for
some j, l j l + k, which is a contradiction. Thus, for any …xed point,
Ij 6= 08j .

(5.17)

By the de…nition of and the …nal goods producer’s FOCs, the …xed point satis…es
producer optimization. By the de…nition of , Lemma 8, and since Ij 6= 0 for any
j, any …xed point of quantities I satis…es agent optimization. By the de…nition
of , markets clear. This implies that any …xed point is an equilibrium. Because
a …xed point for the system exists, and any …xed point is an equilibrium, an
equilibrium exists.
The intuition behind (1) of the proof of Proposition 6 is that in order for
a higher cuto¤ to rise, the corresponding higher occupation aggregate must rise
relative to the corresponding lower one. For that to happen, the next higher skill
cuto¤ must rise or the next lower one must fall. That pattern must continue up
to the highest occupation aggregate, which cannot rise when the highest cuto¤
rises, and also down to cuto¤ sj , which must rise. Thus there is a contradiction.
The reverse holds for lower occupations. Part (2) follows from (1) since changes
in skill cuto¤s imply changes in relative skill prices.
Proof of Proposition 6
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Proof. When F has a CES form,
1

wk (") = ck Ik (")

Y (")1

(5.18)

and so depends only on occupation aggregate k and aggregate output. The skill
cuto¤,
sk (") =

ck+1 Ik+1 (") 1 Y (")1 Ek+1 ck Ik (")
ck+1 Ik+1 (") 1 Y (")1
ck Ik (")
ck+1

=

Ik+1 (")
Ik (")

ck+1

@sk (")
@

Ik+1 (")
Ik (")

Ik+1 (")
Ik (")

1) ck+1 ck

=
ck+1

Y (")1
1
Y (")1

Ek

1

Ek+1

ck E k
(5.19)

1

ck

only changes as the ratio of occupation aggregates,
(

1

changes, according to:

2

Ik+1 (")
Ik (")
Ik+1 (")
Ik (")

Ik+1 (")
,
Ik (")

(Ek

Ek+1 )
>0 .

2

1

(5.20)

ck

For the proof of (1), suppose it is not true. Then there exists an occupation k
k (")
k (")
k (")
> 0 when sk (") > s0 , or @s@"
< 0 when sk (") < s0 . If @s@"
> 0 when
s.t. @s@"
0
sk (") > s , because
Ik+1 (")
@sk (") @ Ik (")
@sk (")
=
(5.21)
(")
@"
@"
@ Ik+1
Ik (")
and from equation (5:20),
while

@

Ik+1 (")
Ik (")

> 0, then

@

Ik+1 (")
Ik (")

@"

> 0. For that to happen

(")
k (")
> 0, either (a) @Ik+1
> 0, and/or (b) @I@"
< 0.
@"
@sk+1 (")
@sk+2 (")
@sk (")
If (a), since @" > 0, then @" > 0. Thus @" > 0, and so on to
J (")
> 0. But if @sJ@"1 (") > 0, then from equation (5:20), @I@"
< 0. But since

@sk (")
@"

@sJ 1 (")
@"
I (")
@ I J (")

the

@sk (")

J

1

@"

< 0, from equation (5:20) this contradicts
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@sJ 1 (")
@"

> 0.

k (")
If (b), since @s@"
> 0, then @sk@"1 (") > 0, and so on, so that
@Ij (")
@s
(")
> 0. But this contradicts @"
> 0.
and j+1
@"
@sk (")
The reverse arguments hold for @" < 0 when sk (") < s0 .

For the proof of (2), consider occupation k > j. Since
0. Because

@sk (")
@"

wk+1 (")
ck+1 Ik+1 (") 1 Y 1
=
wk (")
ck Ik (") 1 Y 1
=
it must be that

ck+1
ck

Ik+1 (")
Ik (")

@Ij+1 (")
@"

< 0, then

@

<0

Ik+1 (")
Ik (")

@"

<

(5.22)
1

(5.23)

(")
@ wwk+1
k (")

>0 .
(5.24)
@"
The reverse argument holds for k < j.
Proof of Proposition ??
Proof. Suppose not. Then there is at least one occupation at " < 1 where
there are no s0 skilled agents. Let k denote this occupation, and l denote an
occupation that s0 skilled agents are in. Suppose l > k. Then
slk (") =

wl (") El
wl (")

wk (") Ek
.
wk (")

(5.25)

As " increases, wl (") falls and wk (") rises without bound, so from equation (2:22),
slk (") rises without bound. Let be the value of " where
s0 =

wl ( ) El
wl ( )

wk ( ) Ek
.
wk ( )

(5.26)

At this point, s0 skilled agents begin in to enter occupation k, creating a contradiction.
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